Context. Cosmological observational analysis frequently assumes that the spatial section of the Universe is flat. Aims. We aim to non-perturbatively check the conditions under which a flat or nearly flat expanding dust (general-relativistic) universe, including the Λ cold dark matter (ΛCDM) model if interpreted as strictly flat, forbids the gravitational collapse of structure. We quantify spatial curvature at turnaround. Methods. We use the Hamiltonian constraint to determine the pointwise conditions required for an overdensity to reach its turnaround epoch in an exactly flat spatial domain. We illustrate this with a plane-symmetric, exact, cosmological solution of the Einstein equation, extending earlier work. More generally, assuming that a standard initial power spectrum is consistent with the Einstein equation, we use the relativistic Zel'dovich approximation implemented in inhomog to numerically estimate how much positive spatial curvature is required for turnaround to be allowed at typical structure formation epochs and length scales in almost-Einstein-de Sitter (EdS) and almost-ΛCDM models that allow inhomogeneous curvature. Results. We find that gravitational collapse in a spatially exactly flat, irrotational, expanding, dust universe is relativistically forbidden pointwise. We explain why in the spatially flat plane-symmetric model considered here, pancake collapse is excluded both pointwise and in averaged domains. In an almost-EdS or ΛCDM model, the per-domain average curvature in collapsing domains almost always becomes strongly positive prior to turnaround, with the expansion-normalised curvature functional reaching Ω D R ∼ −5. We show analytically that a special case gives Ω D R = −5 exactly (if normalised using the EdS expansion rate) at turnaround.
Introduction
We investigate the degree to which spatial flatness of the Universe would relativistically prevent gravitational collapse. Cosmological observations are usually analysed under the assumption that the Universe is a Friedmann-Lemaître-RobertsonWalker (FLRW) (Friedmann 1923; Lemaître 1927; Robertson 1935 ) model with a flat comoving spatial section (e.g. Jarosik et al. 2011; Ade et al. 2016; Ryan, Chen, & Ratra 2019; and references therein) . Linear perturbation theory (e.g. Durrer 1996 , and references therein) is used to model early epoch density perturbations and their growth into non-linear gravitationally collapsed (or emptied) structures by the current epoch, based on the hypothesis that the perturbed solutions are good approximations to exact solutions of the Einstein equation for as long as the perturbations remain weak. Empirically, this mathematical hypothesis seems to be a posteriori reasonable. However, the Einstein equation imposes constraints that are still being explored and not yet completely understood. Nonperturbative, exact, nearly-FLRW cosmological solutions of the Einstein equation (for a review, see Krasiński 2006) can, as we show here, provide surprising and little-known constraints on structure formation. It is of fundamental importance that the distinction between the ΛCDM (Λ cold dark matter) model, interpreted literally as having flat FLRW spatial sections, and strictly general-relativistic models that account for structure formation, is clarified, since (i) the standard model is widely perceived and claimed to be general-relativistic, and (ii) a strictly (spatially) flat version of the ΛCDM model is almost universally used to interpret non-lensing extragalactic observations. This is especially important in the context of the upcoming generation of major extragalactic surveys including those of groundbased photometric projects such as LSST (Large Synoptic Survey Telescope; Tyson et al. 2003) , spectroscopic projects such as 4MOST (4-metre Multi-Object Spectroscopic Telescope; De Jong et al. 2012 , DESI (Dark Energy Spectroscopic Instrument; Levi et al. 2013 ) and eBOSS (extended Baryon Oscillation Spectroscopic Survey; Zhao et al. 2016) , and the spacebased projects Euclid (Refregier et al. 2010) and COREmfive (Delabrouille et al. 2018; De Zotti et al. 2015 , 2016 .
As a step towards this clarification, the primary aim of this work is to non-perturbatively check the conditions under which a flat or nearly flat expanding dust (general-relativistic) universe forbids the gravitational collapse of structure. By "flat", we refer to the spatial curvature for a flow-orthogonal spacetime folia-A&A proofs: manuscript no. flat_no_structure-bbl tion, as detailed below in Sect. 2.1. This foliation is defined by a physical criterion and is thus gauge independent (see Sect. 4.1 for more discussion).
We expect a fundamental difference from the Newtonian cosmology case (Buchert & Ehlers 1997) , widely used in N-body simulations, in which spatial flatness is built into the simulations via two-point flat-space Newtonian gravitational attraction for "particle-particle" modes of calculation, Fourier analysis for the "mesh" mode of calculating gravitational potentials, and vector arithmetic that is meaningless in a space that is not a vector space. Using these methods is consistent with the assumptions of Newtonian cosmology, reliant on the notion of an absolute spacetime, which provides a flat embedding for cosmological fluid trajectories. In Newtonian cosmology, one can change from Eulerian coordinates, associated with the absolute spacetime, to Lagrangian coordinates, which trace fluid evolution. This allows associating the relativistic notions of extrinsic and intrinsic spatial curvature to properties of fluid trajectories in Newtonian cosmology. The fact that the Eulerian to Lagrangian coordinate transformation is invertible prior to shell crossing sometimes leads to the belief that the extrinsic and intrinsic curvatures are merely artefacts of a specific coordinate system. In particular, in the context of cosmological perturbation theory, a diffeomorphism is used to map between the curved manifold and a flat background with pulled-back fields, giving the misleading impression that scalar quantities associated with curvature are not invariant.
On the contrary, as we show in this article, positive intrinsic spatial curvature in the fluid rest frame is unavoidable if a collapsing domain is to reach the turnaround epoch. This is yet another example of how extrinsic and intrinsic curvatures are real physical quantities that are not removable by any coordinate transformation.
With the aim of developing new tests for observational cosmology, we also wish to estimate approximate values of positive spatial curvature that are required at characteristic mass scales and epochs in the almost-Einstein-de Sitter (EdS) and almost-ΛCDM models in order to allow overdensities to reach their turnaround epochs. We use the term "almost-" to indicate that inhomogeneous spatial curvature is allowed in the models. The initial spatial curvature at any point or region is typically weak. However, in contrast to the evolution of the spatially constant curvature of a non-flat FLRW model, which is static in FLRW comoving units but weakens in physical inverse square length units as the Universe expands, generic spatial curvature evolution tends to strengthen initially weak curvature.
Moreover, we show that the positive curvature at turnaround must, at least in a particular EdS case, occur at a particular critical value. The motivation for considering the EdS case is that a cosmic microwave background (CMB) normalised EdS model together with structure formation may provide the extra 16% expansion (scale factor value) needed for the combined model to be observationally viable without dark energy (Roukema, Mourier, Buchert, & Ostrowski 2017, Eq. (13) ).
Following the standard FLRW and scalar averaging conventions, the expansion-rate-normalised curvature functional adopted here (Ω D R , see Eq. (7)) has the opposite sign to that of the scalar curvature itself. In the scalar averaging context, the "Omegas" are referred to as functionals rather than parameters, because they depend on fields on spatial hypersurfaces. We set the initial values of a(t), of the average scale factor in a domain D, and of the effective (globally averaged) scale factor to be equal, that is, we set a D (t i ) and a eff (t i ) to be equal to a(t i ), where this value is normalised to the CMB value using a ΛCDM proxy that reaches a unity scale factor at the current epoch, as detailed in Sect. 2.4.2.
In Sect. 2 we present our method, including definitions and terminology in Sect. 2.1, the Hamiltonian constraint in Sect. 2.2, and the definition of an illustrative, one-free-function, planesymmetric case in Sect. 2.3. In Sect. 2.4 we describe how we analytically investigate a special case of initial conditions in an almost-EdS model (Sect. 2.4.1), and in the more general case, for standard cosmological N-body simulation initial conditions, for the EdS and ΛCDM cases (Sect. 2.4.2), where we also include the effects of scalar averaging. Results are given in Sect. 3. In Sect. 3.1 we examine the pointwise (unaveraged) Hamiltonian constraint, which relates, in particular, the expansion rate, density and curvature. In Sect. 3.2 we consider the plane-symmetric, exact, flat, expanding universe example. In Sect. 3.3 we present the results in a special analytical almost-EdS case that yields a critical value (Sect. 3.3.1) and more general numerical results in the almost-EdS and almost-ΛCDM cases (Sect. 3.3.2). We discuss the results in Sect. 4, including a proposal for a new test of general relativity in Sect. 4.3, and conclude in Sect. 5.
Method

Universe model
As in Buchert (2000) and following Ehlers (1961 Ehlers ( , 1993 , we generalise beyond the FLRW model, allowing initial inhomogeneities to, a priori, gravitationally collapse, expand and become voids, or form more complex structures that together yield the cosmic web, as follows. We adopt the notation of Buchert, Nayet, & Wiegand (2013) for an irrotational dust universe foliated by flow-orthogonal spatial sections that are labelled by a time coordinate t defined by the fluid proper time. This notation differs slightly from that of Buchert (2000) . We adopt Roman indices to indicate spatial coordinates, we use the Einstein summation convention, and an overdot (˙) indicates derivatives with respect to t. An FLRW "reference model" (not necessarily an average model; we thus avoid the ambiguous term "background model") is used here, with scale factor a(t). The extrinsic curvature K i j is used to define the expansion tensor Θ ; the spatial scalar curvature is R := R i i ; density is ρ; the gravitational constant is G; and an optional cosmological constant is Λ.
The FLRW models solve the Einstein equation in a way in which a 2 (t) R is spatially constant (curvature is set to be homogeneous) and setting θ i j = 0, or equivalently, σ i j = 0 and Θ = 3H. The EdS and ΛCDM models are part of the FLRW subcase in which R = 0. In sections Sections 2.4 and 3.3 we consider models that are almost-FLRW at early times.
Hamiltonian constraint
The time-time component of the Einstein equation gives the Hamiltonian constraint (Ellis, Bruni, & Hwang 1990; Tsagas, Challinor, & Maartens 2008; Magni 2011; Buchert & Räsänen 2012) , which is presented in an elegant Article number, page 2 of 16 Roukema, Ostrowski, Mourier & Vigneron: Does flatness forbid the turnaround epoch? form in Buchert (2000, Eq. (4a) ):
In Sect. 3.1, we use this equation to determine the conditions required for an initially weak overdensity expanding with the rest of the Universe to decelerate and reach its turnaround epoch at points that are exactly flat spatially. The above equation generalises the Friedmann equation of the FLRW model, which can be written with terms matching, respectively, those of Eq. (1),
with matter density parameter Ω m , curvature parameter Ω k , and dark energy parameter Ω Λ , all of which are given here as timedependent values, not current-epoch constants.
Plane-symmetric subcase
We illustrate the blocking of gravitational collapse (inability to reach the turnaround epoch) with an exact non-perturbative solution of the Einstein equation. This is a subcase of the plane-symmetric case, which has been considered by several authors (Ellis 1967; Krasiński 2008; Di Dio, Vonlanthen, & Durrer 2012; Adamek et al. 2014) . The existence of this exact but reasonably simple inhomogeneous cosmology solution (a Szekeres model; Szekeres 1975) potentially offers a powerful method of calibrating relativistic cosmology software. Here, we examine the subcase in the form that has an "exact perturbation" P(w, t) in a single direction w in a universe whose spatial section is either the infinite Euclidean space E 3 or the 3-torus T 3 . By "exact perturbation", we mean that the perturbation P can be studied without Taylor expansions in P and without dropping any Taylor or non-Taylor high-order terms in P.
The metric is expressed here as (Buchert et al. 2013, Eq. (66) , Sect. V.A),
with flow-orthogonal spatial sections, where P is by definition a plane-symmetric function, which we require to be smooth. Inserting this metric into the Einstein equation shows that the scale factor a(t) and the associated expansion rate H(t) :=ȧ/a must be the standard flat FLRW solutions (for arbitrary Λ). In other words, a(t) has to be the scale factor solution for what we can consider to be a flat "reference model" universe. The coordinates x, y, w are comoving with the fluid. We assume as an initial condition at an early epoch that |P(w, t i )| ≪ 1. Situations in which the line element in the inhomogeneous direction w is compressed to zero, that is, in which lim t→t + coll P = −1 at an epoch t coll , can be expected to represent gravitational "pancake" collapse. In Sect. 3.2, we consider whether an initial overdensity defined on a w plane of the function P can decelerate sufficiently to reach its turnaround epoch, and extend the EdS reference model case considered by Buchert et al. (2013) to also include the case of a ΛCDM reference model.
To extend this analysis from pointwise collapse to averaged collapse within a comoving spatial domain D using the spatial metric volume element dµ g , we need the scalar averaging operator . D , defined for a scalar field A as
(see also Eq. (12) below). Applying this to Eq. (1) and shifting Θ 2 D /3 to the right-hand side yields (Buchert et al. 2013, Eqs (10) , (11), and references therein).
Almost-Einstein-de Sitter and almost-ΛCDM models
Since a realistic cosmological model must allow gravitational collapse of density perturbations, the results below (Sect. 3.1, Sect. 3.2) imply that positive spatial curvature has to be allowed in such a model in order to allow pointwise turnaround to be reached. The scalar-averaged behaviour in a spatial domain, as represented in Eq. (5), has an extra term in the righthand side.
is necessarily non-negative, it could, in principle, provide an alternative physical driver than positive curvature for allowing gravitational collapse through to the turnaround epoch, provided that it is sufficiently bigger than the averaged shear scalar σ 2 D
. To study this, as shown in Buchert, Kerscher, & Sicka (2000) , Buchert & Ostermann (2012) , and Buchert et al. (2013, and references therein) and implemented with free-licensed software as shown in Roukema (2018) , the relativistic Zel'dovich approximation can be used to model gravitational collapse and void formation in the cosmological context much faster than using N-body simulations, without any need to assume spherically symmetric collapse, and permitting positive (and non-positive) spatial scalar curvature. This is done by integrating the averaged Raychaudhuri equation as expressed in Eq. (25) of Roukema (2018) for a spatial domain D, starting with inhomogeneous initial conditions, and using Eqs (30), (31) of Roukema (2018) (Buchert et al. 2013, Eq. (50) ) to approximate the temporal evolution of the kinematical backreaction functional, Q D (t) in the domain. The kinematical backreaction, defined (Buchert et al. 2013, Eq. (11) )
term and the shear scalar. The relation of the evolution of non-collapsing domains to collapsed (virialised) domains, a major theme of Roukema (2018) , is beyond the scope of the present paper, and will be revisited in future work.
The Raychaudhuri and the RZA kinematical backreaction (Q D ) evolution equations are algebraically identical in Newtonian and relativistic cosmological models, as shown in Buchert et al. (2013) , although they have different interpretations and, in principle, physically different meanings. For numerical purposes, it is usually assumed that there are no significant differences between the initial conditions for ΛCDM N-body (Newtonian) simulations and those for relativistic cosmology simulations. For this reason, this method can be conveniently referred to as the QZA method, where Q represents the kinematical backreaction term and ZA stands for the relativistic Zel'dovich approximation that to some degree can be interpreted as Newtonian. The main practical difference between the Newtonian and relativistic cases, as shown below in Sect. 3.1 and illustrated in Sect. 3.2, is not directly in QZA itself, but is instead an effect of the Hamiltonian constraint, which can induce at least one fundamental difference between the relativistic and Newtonian cases. The Raychaudhuri equation and the RZA kinematical A&A proofs: manuscript no. flat_no_structure-bbl backreaction evolution equation, as used in the QZA, do not, in practice, distinguish the two cases directly, but because of the Hamiltonian constraint, not all perturbation modes are allowed: a relativistic constraint can prevent growing modes. This is how flatness can forbid structure formation.
The case considered here can be compared to the Newtonian setting in terms of the Hamiltonian constraint, which in the absence of spatial curvature relates the initial density to the shear and expansion scalars. In this context, a physical situation allowed in the Newtonian formulation of a setting with a particular (plane) symmetry is forbidden in the analogous general relativistic solution due to the difference in the corresponding versions of the Hamiltonian constraint.
In this part of our work, we make the reasonable hypotheses that strictly zero curvature is not required in the cosmological model, and that the slowing down to the turnaround epoch is not blocked by the Hamiltonian constraint, since positive curvature is allowed, and in an averaged domain, kinematical backreaction may be positive due to its non-negative expansion variance
. In Sect. 2.4.1 we investigate the behaviour of the average (spatial) per-domain expansion-ratenormalised scalar curvature functional
(defined as in Wiegand & Buchert (2010, Eqs (10) , (11)), where H eff is the global volume-weighted mean expansion rate; see Eq. (12) here for the definition of averaging) in a special case of initial conditions in a spatial domain. In Sect. 2.4.2, we simulate the general case, using standard cosmological N-body initial conditions.
Almost-EdS special case
In addition to the definitions of Sect. 2.1, we need to use several elements of the relativistic Zel'dovich approximation apparatus, with the use of a reference model (in principle, reference-modelfree calculations are possible). The FLRW parameters of the reference model, in this case EdS, include the scale factor a(t) and the Hubble-Lemaître parameter H :=ȧ/a. The peculiar volume deformation J (t, X) at foliation time t and Lagrangian position X is defined as in Buchert et al. (2013, Eq. (42) 
where ξ(t) is a normalised, zero-pointed linear perturbation theory growth function defined in Buchert et al. (2013, Eqs (32) , (33)), I, II, III are defined are in this work evaluated as the principal scalar invariants of the peculiar-expansion tensor θ i j (Sect. 2.1), and I i , II i , III i are their values on the initial hypersurface. For the EdS reference model, writing a i as the initial scale factor, we write the normalised growth function as
Averages of a scalar functional A can be either spatial metric ("Riemannian") averages A D or Lagrangian averages A I , Eqs (1)- (8)). In particular, from Buchert et al. (2013, Eqs (2) , (3)) we need the spatial (Riemannian) volume V D and average scale factor a D on a Lagrangian (fluid-comoving) domain D that evolved from an initial domain
where the initial spatial metric
, and the spatial-metric volume element dµ g is rewritten as J G i d 3 X. The Lagrangian average for a scalar field A is defined , Eq. (7))
with the consequence that the Riemannian average can be written (Buchert et al. 2013, Eq (8) )
The Riemannian average is intended to correspond to the physical intuition of an average (mean), while the Lagrangian average is normally intended as a convenient tool for both numerical and analytical purposes, without a simple intuitive interpretation. An exception is at the initial time, at which A(t i ) I ≡ A(t i ) D , whence the subscript I and frequent use of this for describing initial averages. The peculiar expansion rate of a domain is defined
A domain that, in the Riemannian (spatial) averaging sense, expands in the same way as the reference model at a given time t
. We can now relate the peculiar volume deformation J to the RZA local volume deformation RZA J and assume that the latter is a fair approximation, (Buchert et al. 2013, Eq. (41) ) where we have reversed the direction of definition in order to avoid multiply defining J . Hereafter, we drop the "RZA" superscript. The special case that we consider is then defined by setting the initial average values of the second and third invariants to zero,
This includes the plane-symmetric subcase considered above. In Sect. 3.3.1 we use these together with Eq. (48) of Buchert et al. (2013) to investigate the behaviour of Ω D R at turnaround.
QZA simulations
For the general case, we adopt a standard cosmic-microwavebackground normalised Gaussian-random-fluctuation power spectrum for the appropriate FLRW reference model and the growing mode of perturbations of either the EdS or ΛCDM FLRW models. This lets us study the positive spatial curvature associated with achieving turnaround. We leave deeper investigation of the post-turnaround stages of gravitational collapse of galaxy and cluster scale objects to future work. We use the same method as stated in Roukema (2018) in Sections 3.1-3.4, 3.5.1-3.5.3, 3.5.4, 3.5.5, and the first paragraph of 3.7. In particular, we again use the domain-normalised Hamiltonian constraint for Ω D R given at the end of (42) in Roukema (2018) , rather than calculating R D directly using Eqs (13) Buchert et al. (2013) . This way, we effectively use Eq. (60) of Buchert et al. (2013) , which satisfies the integral constraint between the Raychaudhuri equation and the Hamiltonian constraint, instead of Eq. (54) of Buchert et al. (2013) , which is expected to be less accurate. There should be no difference between these in the special case considered in Sect. 3.3.1, and in general there should be a disagreement between the methods of the order of II i I (Buchert et al. 2013, Eq. (60) ).
We use mpgrafic to generate initial conditions (Bertschinger 2001; Prunet et al. 2008) , dtfe to estimate the peculiarexpansion tensor (Schaap & van de Weygaert 2000; van de Weygaert & Schaap 2009; Cautun & van de Weygaert 2011; Kennel 2004) , inhomog to carry out effective scale factor and Q evolution using the relativistic Zel'dovich approximation (Roukema 2018) , and ramses-scalav (Roukema 2018) for using ramses (Teyssier 2002; Guillet & Teyssier 2011 ) as a front end for reading in initial conditions and calling dtfe and inhomog. All these packages are free ("as in speech") software. The versions and git commit hashes of the software used for the results shown here are listed in Table 1 .
Here, we also consider the case of a ΛCDM reference model, in order to find out how strongly positive the pre-turnaround curvature is required to be in order to allow structure formation in ΛCDM. To obtain initial conditions normalised at the CMB epoch, instead of using ΛCDM as a proxy to extrapolate from late times back towards CMB-epoch EdS parameters (see Roukema et al. 2017) , we use ΛCDM as a proxy for itself. That is, for the ΛCDM case we use the Planck 2015 (Ade et al. 2016 , Table 4 , final column) estimates of a current-epoch matter density parameter of Ω m0 = 0.3089 and a normalisation of σ 8 = 0.8159. Using Kasai (2010)'s formulae, version inhomog-0.1.9 includes a speed improvement of about 4-10 for calculations of the flat, non-EdS growth function (and its first and second derivatives) over those performed using the Bildhauer et al. (1992) incomplete beta function algorithm. We set the spacetime unit conversion constant to unity except where otherwise noted. A free-licensed script to install system-level packages, to download, compile, and install user-space packages, to run ramses as a front-end, and to plot and table results that are statistically equivalent to those presented here is provided online with the aim of convenient reproducibility. 
Results
Hamiltonian constraint
We now examine Eq. (1) to see if there are conditions in which flatness prevents gravitational collapse. At an initial time t i , we adopt the standard assumption that the Universe is expanding everywhere, so Θ(t i ) > 0 holds everywhere, with only weak perturbations. We do not assume any linearisation of the perturbations; in this subsection and the folllowing, we only consider "exact perturbations", as mentioned above.
Given that the Universe is initially expanding everywhere, pointwise collapse requires the expansion scalar to decrease from Θ(t i ) > 0 to Θ = 0, that is, it has to reach its turnaround epoch. This requires that the right-hand side of Eq. (1) be zero. The density ρ will normally be expected to be positive in order for gravitational collapse to occur, and a strictly zero density is physically unreasonable in the cosmological context. The shear scalar term σ 2 is necessarily non-negative (see the definitions in Sect. 2.1 and Buchert et al. (2013, Eq. ( 79))). We are assuming flatness, so R = 0. If we also have Λ ≥ 0, as in the EdS or ΛCDM models, then the right-hand side must be positive.
Since we do not consider Λ < 0 here, and we consider zero density to be unrealistic, especially for a gravitationally collapsing perturbation, the only way that the right-hand side can reach zero is with positive curvature: R > 0. Positive curvature is the physical, geometrical phenomenon that can permit an overdensity to slow its expansion and turn around from expansion to contraction in terms of proper ("physical") spatial separations. It is in this sense that flatness prevents the gravitational collapse of exact density perturbations, by blocking the positive spatial curvature required for achieving turnaround. We summarise this as follows.
Lemma 1. Suppose that a cosmological solution to the Einstein equation with a zero or positive cosmological constant and a fluid-flow-orthogonal foliation satisfies the conditions that there is a spatial hypersurface Σ(t) at foliation time t such that (i) the model is everywhere 3-Ricci flat since an initial time t i , that is,
(ii) the model expands since the initial time, ∀X ∈ Σ, ∀t ′ ∈ [t i , t), Θ(X, t ′ ) > 0; and (iii) the fluid is irrotational, pressure-less. In these conditions, pointwise gravitational slowdown to turnaround (Θ(t) = 0) cannot occur on Σ(t). Thus, density perturbations on Σ cannot (isotropically) gravitationally collapse at any point X during the interval t ′ ∈ [t i , t].
The caveat on isotropy is required because Θ is the trace of the expansion tensor. What might be called "anisotropic collapse", with expansion outweighing contraction, is not forbidden.
Plane-symmetric subcase
Lemma 1 shows why Buchert et al. (2013, Sect. V.A) found a fundamental difference between Newtonian and relativistic cosmology in a subcase of the plane-symmetric solution, as given above with the line element in Eq. (3). The absence of a growing mode of exact density perturbations was pointed out in that work as a consequence of the Hamiltonian constraint, which in the relativistic case includes a scalar curvature term. However, it was argued there that pancake collapse could nevertheless occur for this exact solution, despite the absence of a growing mode.
Here, we examine this case more closely, extending it from the EdS reference model case to include the option of a ΛCDM A&A proofs: manuscript no. flat_no_structure-bbl reference model. The metric as shown in Eq. (3) is exactly 3-Ricci flat: all components R i j are zero. As shown in Buchert et al. (2013, Eq. (67) , Sect. V.A), by using the definitions in Sect. 2.2, the peculiar-expansion tensor can be written
and it follows that
where H is the expansion rate of the EdS or ΛCDM reference model. The conditions of Lemma 1 are satisfied, which is sufficient to show that isotropic gravitational turnaround cannot occur pointwise anywhere, and thus collapse cannot occur either. However, this is insufficient to show that pancake turnaround, which is anisotropic by definition, cannot occur pointwise, or that turnaround could occur in terms of averaged properties of a spatial domain. Pointwise, pancake collapse in one spatial direction could, in principle, be sufficiently balanced by expansion in the other directions to give Θ(t) > 0, which would not violate Lemma 1. The Einstein equation can now be written in the form of Eq. (1) together with an equation closely related to the Raychaudhuri equation, expressed in the form (Buchert et al. 2013, Eq. (71) )
We now generalise the Buchert et al. (2013, Eq. (74) , Sect. V.A) solution to Eqs (1) and (18) to an arbitrary flat FLRW reference model by writing it as
where B(w) and C(w) are functions depending only on the spatial coordinate w, with no temporal dependence, and we assume that |B(w)| ≪ 1, |C(w)H i | ≪ 1. We ignore the special (fine-tuned) case where
Adopting |P(w, t i )| ≪ 1, gravitational collapse at a plane w would require C(w) < 0 and H would have to increase with time t, in order that 1 + P drops to zero, that is, to obtain 1 + P → 0 + . However, H(t) is a decreasing function for both the EdS and ΛCDM reference models, which can be seen (for example) as follows. As t → ∞, in the EdS case H(t) = 2/(3t) → 0 + anḋ H(t) → 0 − . In the ΛCDM case, the exact FLRW expression using the Hubble constant H 0 , the current-epoch cosmological constant density parameter Ω Λ0 and the current age of the Universe t 0 , is (Peebles 1984, Eq. (3) ; Sahni & Starobinsky 2000, Eq. (12) ), which yields a reference model expansion rate dropping from its initial value towards a limiting constant expansion rate,
2 Thus, compression in the w direction, g ww → 0 + , is prevented, suggesting that pointwise pancake collapse cannot occur.
2 These are one-sided limits, depending on the sign of C(w).
We
where in the rightmost expression we write coordinate dependences explicitly. Since
, we have for both the EdS and ΛCDM reference models,
In other words, if Θ > 0 (and H > 0) initially, then not only will overdensities and underdensities tend to weaken, but the initial conditions force the universe to approach homogeneity in the limit as t → ∞. This contrasts to the Newtonian case, which, as discussed by Buchert et al. (2013, Sect. V.A.) , has flat spatial sections but allows gravity to form overdense and underdense structures. Lemma 1 refers to isotropic collapse. So Θ → 3H on its own could allow, for example, Θ w w → 0, Θ x x = Θ y y → 3H/2. This is not the case under consideration here, however. Equation (16) shows that the only non-zero component of peculiar expansion is θ w w = P 1+P , so expansion in the x and y directions cannot compensate collapse in the w direction. The more general plane-symmetric case is interesting, but not considered in this work. Buchert et al. (2013, Sect . V.A, second last paragraph) suggested that by considering spatial-domain-averaged behaviour (Buchert et al. 2013, Eqs (10) , (11); written here as Eq. (5)) and using the relativistic Zel'dovich approximation (RZA; Buchert et al. 2000; Buchert & Ostermann 2012; Buchert et al. 2013) , anisotropic pancake-like collapse of the plane-symmetric subcase could be possible for a domain that is initially expanding more slowly than the reference model (has a negative initial extrinsic curvature invariant I I ). The expansion variance term
does not have a pointwise equivalent, and the behaviour of the spatially averaged parameters cannot be trivially related to the behaviour of the pointwise parameters.
Nevertheless, Eq. (22) implies that the limiting behaviour of the latter term is
given that the pointwise limits are well-controlled by the specific algebraic expressions above. Thus, Lemma 1 cannot be overridden in this case. The loophole in the suggestion that pancake collapse could occur in this model is that it was assumed that the reference model growing mode can be used as the source of the RZA normalised growing mode function ξ(t). For consistency with the solution Eq. (19), only the decaying mode (the second term, C(w)H(t)) should be used. Thus the expansion variance term approaches zero (as in the above discussion) rather than diverging, so that no behaviour beyond that of the pointwise constraint given by Lemma 1 occurs. This resolution of the Buchert et al. (2013) paradox implies an important corollary for numerical implementations of the RZA approach, which until now have assumed that the growing modes of the background cosmological model can be associated with standard choices of Gaussian random field initial perturbations Roukema 2018) . The growing mode is not guaranteed to be relativistically valid (allowed by the equations that solve the Einstein equation) for a given perturbation values (most positive curvatures). The axis ranges are identical in all panels here and in Fig. 2. or domain. The model being studied and the perturbation under consideration must allow positive spatial curvature to accompany the perturbation as it slows down and reaches its turnaround epoch, unless a positive expansion variance term, or to be more specific, a positive kinematical backreaction (see Eq. (6) strong enough to allow reaching turnaround, or unless the behaviour is complex enough (for example, strongly anisotropic) for average properties to override Lemma 1. In Roukema (2018) , there is no constraint forcing zero curvature or blocking kinematical backreaction evolution, but the existence of the growing mode is effectively an assumption there, rather than a solution that is guaranteed to be consistent with the Einstein equation.
In the following subsection, we quantify the positive spatial curvatures that should be associated with typical scales of grav- itational collapse on galaxy dark matter halo, galaxy cluster and supercluster scales. 3.3. Almost-Einstein-de Sitter and almost-ΛCDM models 3.3.1. Almost-EdS special case Given the null initial average second and third invariants (Eq. (15)), the additivity of the Lagrangian average over its arguments that follows from its definition in Eq. (11), and the spatial independence of ξ, we can rewrite Eq. (8) and its derivatives as
The same relations, together with the general RZA expressions for the evolution of the invariants, given in Eq. (48) of Buchert et al. (2013) , show that
Thus
at all times. A similar calculation yields
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since the collapse of the domain D has to exactly balance the reference model expansion and the factor of three follows from I being the trace of θ i j . The denominator H i follows from using the same convention of dimensionless invariants as in Roukema (2018, Eq. (19) ) and much of Buchert et al. (2013) . Using the first part of Eq. (48) of Buchert et al. (2013) , appropriately normalised and without the "RZA" superscript,
and Eqs (10), (11), (12), and (14), we can write
We are now ready to evaluate the curvature using Eqs (13) and (53) of Buchert et al. (2013) , together with the flatness of the EdS reference model, which give
Using Eq. (25), the EdS normalised, zero-pointed growth function (Eq. (9)), and the EdS deceleration parameter q := −aä/ȧ 2 = 1/2, we rewrite this as
The turnaround condition Eq. (28), together with Eq. (30), yield
The curvature functional (Eq. (7)) is thus
where we have defined α as the ratio of the reference model expansion rate H to the effective expansion rate H eff ,
An equivalent expression to Eq. (34) can be obtained for the ΛCDM case by combining the first line of Eq. (32), an appropriate expression for the ΛCDM growth rate and its first and second time derivatives, and again equating the turnaround definition (Eq. (28)) to the rightmost expression in Eq. (30), yielding
We thus define a parameter for testing numerical calculations, 
where
is the matter density functional, and
A&A proofs: manuscript no. flat_no_structure-bbl (Roukema et al. 2017, Sect. 3, Eqs (12) ), which satisfies the order of magnitude scalar-averaging key values listed in Eq. (16) of Roukema et al. (2017) . Thus, observationally realistic bounds from the CMB epoch to the present are 1 > ∼ α 2 > ∼ 0.5, respectively, for the almost-EdS case. ΛCDM values of α 2 are likely to deviate only a few percent from unity (e.g. Bolejko 2017b Bolejko , 2018 .
At turnaround for the EdS case, using Eq. (28), or equivalently H D = 0, Eq. (38) becomes
We can now rewrite the kinematical backreaction, defined above in Eq. (6), as in Buchert et al. (2013, Eq. (11) ),
giving Ω D Q = α 2 , and thus, in summary, a triplet of EdS critical values for the turnaround epoch of a domain with zero second and third initial average invariants,
By equating the turnaround definition, Eq. (28), and the rightmost expression in Eq. (30), and using the EdS growth function (Eq. (9)) together with Eq. (24), it follows thaṫ
This yields expressions for the turnaround epoch in terms of the EdS scale factor and cosmological time as a function of the averaged initial invariant (see Vigneron & Buchert (2019) for a similar derivation of a turn ):
Using Eqs (14) and (24) to rewrite a D and differentiating, it follows thatȧ D (t turn ) = 0, confirming turnaround in the averaged sense. The reference model expansion rate at turnaround can now be written 
3.3.2. QZA numerical simulations
As described in Sect. 2.4, we ran QZA simulations for the almost-EdS and almost-ΛCDM cases. These required defining, as in Roukema (2018, Sect. 3.2) , the FLRW comoving side length of the 3-torus fundamental domain L box (loosely called the "box size"), the initial "interparticle" separation L N := L box /N 1/3 for an initial condition set of N particles, the cell size L DTFE for estimating the initial extrinsic curvature invariants needed for the Q D evolution equation with the dtfe library, and L D , the current size of an averaging domain, all in effective (global average) comoving units (see Roukema et al. (2017) for discussion of 10%-level effects on a eff between an effective model and FLRW models). We considered averaging scales covering typical cosmic web scales, L D = 2.5, 10, and 40 Mpc/h eff , where h eff = 0.6774 is the Planck 2015 (Ade et al. 2016 , Table  4 It is clear in these figures that at any reasonable scale at which overdensities are normally thought to be able to collapse gravitationally, that is, from 2.5 to 40 Mpc/h eff , most spatial domains pass through a positive average curvature phase as they approach their turnaround epoch, that is, for the lowest values of H D at the left of the panels. A striking feature of the plots is that at any given epoch, the relation between spatial curvature and expansion rate is mostly quite tight, especially at high expansion rates and early times. There is increasing scatter in the relation, The EdS special case occurs when the second and third initial average invariants of the peculiar-expansion tensor, II i I and III i I , are zero. The latter is typically weaker than the former, so here we only show the behaviour with respect to the former, II i I . Robust linear fits (Theil 1950; Sen 1968) 2 special case than to the flatness assumed in an exact EdS or ΛCDM model, keeping in mind that α 2 is close to unity at early epochs and can drop to about 0.5 at late times in the EdS case, and close to unity at all times in the ΛCDM case. There is some scatter in Ω to zero, in particular due to the role of the third invariant III D , which we have not restricted in this analysis. The average values and scatter of Ω D R , independent of the values of the initial invariants, are given in Table 4 using both non-robust and robust statistics. The value Ω D R = −5 is not a statistical outlier for any of the three EdS distributions. Thus, for α ≈ 1, the EdS II i = 0, III i = 0 case gives a turnaround curvature that characterises the curvature distributions to first order. The ΛCDM distributions should not be expected to be identical to those for the EdS case, but they are not very different, apart from turnaround not being achieved for L D = 40 Mpc/h eff .
A more direct comparison with the special analytical case is provided in Table 3 , showing zero-point estimates of ∆ D R , in which the part of Ω D R due to growth function derivatives is removed (Eq. (37)). In the largest scale almost-EdS case and the smallest scale almost-ΛCDM case, the numerical estimates of the ∆ D R zero point are statistically indistinguishable from the expected value of −6, but this is most likely a coincidence, as indicated by the other three estimates, which are inconsistent with −6 by up to about 0.5 in "Ω" dimensionless units. Given the wide vertical scatter in Figs 3 and 4, summarised numerically in Table 4 , and the simple fitting procedure adopted here, it is unsurprising that the agreement with the expected value is only approximate. The initial power spectrum is generic, and not intended to directly test the special
Overall, it is overwhelmingly clear in Figs 3 and 4 and Table 4 that turnaround is almost always associated with a strong positive average curvature. We further quantify this as follows. Table 5 lists the fractions of domains which have negative or zero curvature. No such domains were found in any of the cases simulated. The total numbers of domains listed in Table 5 give an estimate of an upper limit to the frequency of occurrence of nonpositive curvature at turnaround in the almost-EdS and almost- ΛCDM models. In order to increase the significance of the limit, we performed 29 additional independent N = 256 3 realisations, each with the same parameters as the original. None of the domains had Ω D R ≥ 0 at turnaround. Thus, we estimate 99% numerical upper limits on the probability of a domain on these scales not having positive curvature at turnaround as P = 0.0002 in the almost-EdS case (23125 domains reaching turnaround) and P = 0.0003 in the almost-ΛCDM case (14526 domains). We estimate this upper limit by assuming that on average,μ = 5 domains should have zero or negative curvature at turnaround out of the full sample reaching turnaround, but zero were detected due to random selection according to a Poisson distribution of meanμ. It is clearly very rare for a domain to be able to collapse in the average sense without having positive 3-Ricci curvature.
In the generalisation from pointwise collapse to average collapse in a domain, the expansion variance term appears in Eq. (5), and is usually combined with the shear scalar in the kinematical backreaction (Eq. (6)). To see how this could, in principle, allow a domain to reach the turnaround epoch in an averaged sense despite being spatially flat or negatively curved, the Hamiltonian constraint at turnaround, Eq. (40), can be rewritten
Figures 5 
Discussion
Foliation, gauge and vorticity
Are any of the results above gauge dependent? Lemma 1 (Sect. 3.1) and the definitions in Sect. 2.1 are given in terms of a foliation given certain assumptions restricting the allowed spacetimes. Defining a hypersurface orthogonal to the fluid flow provides a physical definition, so the hypersurfaces are gauge independent. The quantities of interest are scalars, which are invariant (coordinate independent). Choosing a different gauge to study the same quantities on the same spatial hypersurface would complicate the calculations, but could not modify the results unless the use of the new gauge change imposed additional constraints that modified the metric. Thus, the results presented here are not gauge dependent. If the EdS and ΛCDM models are interpreted as strictly FLRW models, with strictly flat spatial sections, then the relativistic forbidding of gravitational collapse cannot be avoided by gauge-dependence arguments. Similar reasoning applies to the plane-symmetric subcase.
In the almost-FLRW numerical QZA modelling in which curvature is allowed to vary above and below zero on any given spatial hypersurface and averages in Lagrangian domains are studied, gauge dependence is again not an issue (provided, again, that no restrictions are imposed by a gauge transformation), but foliation dependence could, in principle, be significant. Buchert, Mourier, & Roy (2018) argue that volume would differ by a factor of the order of the mean Lorentz factor γ relating the fluid rest frame to an alternative reference frame. If the latter is that of a best-fit FLRW model to observational data, then fluid velocities of the order of 200 km/s would yield changes in volume or volume-based functionals such as Ω D R by about γ − 1 < 10 −6 , that is, the tilt between vectors normal to the different foliations is negligible in the present context. See Buchert et al. (2018) for more details, including the role of vorticity, for which in Newtonian cosmology simulations, the vorticity scalar is generally found to be weaker than the shear scalar (e.g. Bernardeau & van de Weygaert 1996, Fig. 10 ).
The curvature-induced deviation ε
The relations in Figs 1 and 2 indicate methods both of calibrating cosmological structure formation simulations that claim to be fully relativistic, and, in principle, of being measured observationally. What possible avenues could there be for measuring Ω D R in a given spatial domain? Here, we introduce a dimensionless "curvature-induced deviation" variable ε defined for nonzero curvature that depends both on the curvature and on the averaging scale. We express the average 3-Ricci curvature for non-zero curvature as a typical curvature radius L D R (in physical units) with a value that is real for positive curvature and imaginary for negative curvature,
We consider a length l over which to estimate the deviation of a pair of straight lines (spatial geodesics at constant t in the foliation) that at one location are locally parallel. 
This functional is designed to measure the difference of an arc length on the constant foliation time hypersurface, interpreted as having constant curvature R D , from the corresponding arc length in a corresponding flat spatial section, at a distance corresponding to the averaging scale L D (again in comoving effective units, as for L D throughout this work), and normalised by that same distance L D ,
in which the third-order Taylor expansion for sin (or sinh) should be used for numerical stability in nearly flat domains (|Ω D R | ≪ 1; in exactly flat domains, ε := 0), and positive curvature corresponds to negative Ω D R and negative ε. For example, two locally parallel spatial geodesics separated by 1 Mpc should be separated by about (1 + ε) Mpc after being extended by a distance of L D . Time-integrated dynamical quantities will differ from flatspace calculations by integrals including ε terms.
Figures 7 and 8 show the curvature-induced deviation ε. The amplitudes of this effect range from about 10 −7 at the L D = 2.5 Mpc/h eff scale (top panels) up to a little above 10 −5 at the largest comoving scale, L D = 40 Mpc/h eff (bottom panels). This can be interpreted using the rightmost expression in Eq. (49), since an increase in L 2 D by a factor of 16 approximately corresponds to the increase in the typical magnitudes of ε from the top to middle panels in these two figures. The increase is weaker in shifting to the largest scale (bottom panels). In particular, the bottom panel in Fig. 8 shows a scale in the almost-ΛCDM model at which turnaround is not reached, so only weak positive curvature results and the curvature-induced deviation ε is correspondingly weak.
A&A proofs: manuscript no. flat_no_structure-bbl Given that the ΛCDM model is a fair observational proxy, the lower two panels of Fig. 8 indicate that geodesics that in strict ΛCDM are assumed to be parallel must, in a relativistic almost-ΛCDM model including structure formation, converge or diverge at about the 10 −6 to 10 −5 level after passing through a typical turnaround domain. Thus, observational analyses of dense regions of the cosmic web made under the assumption of an FLRW metric, without taking into account spatially varying curvature, should be relativistically inaccurate at about this level. In the new generation of surveys, this may be difficult to detect, but should in principle provide a test of precise, accurate cosmology.
These low values of ε do not necessarily contradict the recently emerged negative average curvature hypothesis (Räsänen 2006; Nambu & Tanimoto 2005; Kai et al. 2007; Räsänen 2008; Larena et al. 2009; Chiesa et al. 2014; Wiegand & Buchert 2010; Buchert & Räsänen 2012; Wiltshire 2009; Duley et al. 2013; Nazer & Wiltshire 2015; Roukema et al. 2013; Barbosa et al. 2016; Bolejko & Célérier 2010; Lavinto et al. 2013; Roukema 2018; Sussman et al. 2015; Chirinos Isidro et al. 2016; Bolejko 2017a,b; Krasinski 1981 Krasinski , 1982 Krasinski , 1983 Stichel 2016; Coley 2010; Kašpar & Svítek 2014; Rácz et al. 2017 ) of explaining dark energy as a misinterpretation of (non-relativistic fit to) cosmological observations. The curvature deviation ε indicates how much spatial geodesics should converge or diverge, not how much expansion rates should be spatially inhomogeneous. It is already known observationally that the BAO scale is inhomogeneous when using the ΛCDM model as a proxy to interpret the luminous red galaxy distribution in the Sloan Digital Sky Survey (Roukema et al. 2015 (Roukema et al. , 2016 see Heinesen et al. 2018 for interpretation in terms of an inhomogeneous model and Neyrinck et al. 2018; Blake et al. 2019 for related analyses). The main order of magnitude observational argument supporting the emergent negative average curvature hypothesis is the void peculiar expansion rate, that is, the ratio of the peculiar velocities of galaxies falling out of voids to the void sizes, which is typically of a few tens of km/s/Mpc -a substantial fraction of the Hubble-Lemaître constant (Roukema et al. 2013 (Roukema et al. , 2017 .
Non-perturbative work on the recently emerged negative average curvature hypothesis shows in more detail how the curvature functional Ω D R reveals negative curvature in a void and positive curvature in an overdensity. Using a Szekeres model to model a local void and nearby overdensity and domains that are spheres of radius 5 Mpc, Bolejko (2017a, Fig. 2, bottom-right panel) showed negative curvature in the (central) void and positive curvature in the overdensity (lying at −40 Mpc < ∼ z < ∼ − 20 Mpc). The results presented in this work are consistent with the conclusion of Bolejko (2017a) that for non-perturbative, nonlinear calculations, curvature associated with structure formation is highly inhomogeneous, and of an order of magnitude at least as great as that of the FLRW density parameter Ω m . The turnaround-epoch positive spatial curvature requirement is inconsistent with the Euclidean spatial geometry of a Newtonian simulation. Vector arithmetic is no longer globally justified globally -tangent and cotangent spaces of vectors and 1-forms at individual spacetime events have to be related to each other via a connection, typically the covariant derivative.
However, Fidler et al. (2015 Fidler et al. ( , 2016 Fidler et al. ( , 2017b have proposed the "Newtonian motion (Nm)" gauge formalism, which derives diffeomorphisms (a "dictionary") that under appropriate conditions relate Newtonian N-body simulations to generalrelativistic spacetime. The authors argue that the approximations used are cosmologically accurate. The role of spatial curvature is implicitly described in Fidler et al. (2017a, Sect. 5.2) . A useful test of the Nm formalism would be to evaluate the Ω D R -H D relation on a fluid-orthogonal, irrotational foliation of a Newtonian cosmological N-body simulation and check the resulting values for consistency with the scalar averaging results found in this work. Similarly, the partially relativistic cosmological simulation code gevolution (Adamek et al. 2016 ) and fully relativistic cosmological simulation packages used within the Einstein Toolkit (Bentivegna & Bruni 2016; Macpherson et al. 2016) should also be able to use this relation to calibrate their computational accuracy.
Observations
The tight Ω The absence of domains reaching turnaround that is evident in the bottom panel of Fig. 2 should also provide a consistency test. Inconsistencies, after checking for all sources of observational random and systematic error could indicate the known self-inconsistency of ΛCDM (e.g. Bolejko 2018 ). More importantly, this observational procedure would test the validity of the Einstein equation on galaxy formation scales -does spacetime curvature match the stress-energy tensor as expected?
Geometrical dark matter
Earlier discussion of the role of exact relativistic solutions has pointed out the difference between these and the perturbed FLRW approach, arguing that there is effectively a "generalrelativistic dark matter" component associated with gravitational collapse on cosmologically relevant scales, using TolmanLemaître-Bondi models (Krasiński & Hellaby 2002 Bolejko 2006) , the quasi-spherical Szekeres model (Bolejko 2006 (Bolejko , 2007 , and Szekeres Class-II models (Ishak & Peel 2012) , though without a clear focus on the role of pointwise or domain averaged positive curvature. The expectation that there is an effective form of general-relativistic dark matter has been discussed in the more general context of scalar averaging by, in particular, Roy et al. (2011) and Buchert et al. (2013) , but without making calculations based on a standard initial power spectrum of density perturbations. Buchert et al. (2013) coined the term "kinematical dark matter", suggesting that the shear scalar, on small scales, was the most likely explanation to provide a kinematical dark matter contribution to the usual observational interpretation of dark matter, through its role in the Raychaudhuri equation, especially at the later phases of gravitational collapse. Equations (1) and (5) show that at late phases, a higher compression rate, that is, a greater value of |H D | during the H D < 0 postturnaround phase, would also be contributed by the shear scalar to a late-phase kinematical dark matter effect. In this work, we focussed instead on the turnaround epoch and made calculations based on a standard initial power spectrum of Gaussian fluctuations, finding that at turnaround, positive curvature much more frequently plays the dominant role in gravitational collapse, at least near the turnaround epoch, rather than kinematical backreaction, which is the net effect of expansion variance and the shear scalar together. Since positive spatial curvature is a geometrical phenomenon, not just dynamical, it may well play a role in lensing effects that have not been taken into account in the usual calculations -again substituting for some of the present role of FLRW "perturbative" dark matter. Since the effective "source" of dark matter in this sense is positive curvature rather than kinematical backreaction, we suggest "geometrical dark matter" as an appropriate term when positive curvature in the averaged Hamiltonian constraint is the dominating dark-matter-like relativistic effect.
Conclusion
It is now clear, both from a general argument (Sect. 3.1, Lemma 1) and from an exact cosmological solution close to an EdS or ΛCDM reference model (Sect. 3.2), that the interpretation of the ΛCDM model as being a literally 3-Ricci-flat relativistic model, rather than an almost-FLRW model with inhomogeneous curvature, would forbid almost all formation of dense structures. This is because inhomogeneities that are initially expanding in terms of physical distances cannot sufficiently slow down their expansion (isotropically and pointwise) to pass through the turnaround epoch if zero spatial curvature is strictly imposed in a fluid-orthogonal foliation.
We thus considered the more reasonable hypothesis that relativistic constraints permit a standard initial power spectrum of Gaussian random density fluctuations that evolves according to the growing mode. By using the relativistic Zel'dovich approximation, we first showed that for null initial average second and third peculiar-expansion tensor invariants ( II i I (θ ∼ 1; alternatively, we can write this as Ω D R = −5 for normalisation using the EdS expansion rate instead of the effective expansion rate), corresponding to positive spatial scalar curvature, must occur in a domain as it passes through the turnaround epoch (Sect. 3.3.1).
For the more general case of standard initial conditions, using kinematical backreaction evolution as modelled by the RZA and implemented using the inhomog library (QZA, Sect. 2.4.2), we showed that almost-EdS and almost-ΛCDM models give values of Ω D R at turnaround corresponding to positive curvature and lying in a range that includes this critical value (Sect. 3.3.2, Figs 1-6, Tables 2-4 ). In the context where FLRW cosmological parameters are believed to be approaching precision at the one percent level, and possibly also a similar level of accuracy, we suggest that neglecting strong curvature risks inducing inaccuracies in standard flat-space cosmological N-body simulations and observational data analyses (Sect. 4, Figs 7, 8) . The explicit inclusion of inhomogeneous spatial curvature in the analysis of the upcoming generation of major extragalactic surveys will be required if the surveys are to be interpreted in the context of the standard Einstein equation, before any "new physics" is considered. The fundamental difference between a strictly flat cosmological model and a more realistic model with inhomogeneous curvature should not be ignored.
